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Abstract 

We generalize the formulation of the colliding gravitational waves to metric- 
affine theories and present an example of such kind of exact solutions. The 
plane waves are equipped with five symmetries and the resulting geometry 
after the collision possesses two spacelike Killing vectors. 
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I. INTRODUCTION 



In recent years, the collision of plane-fronted gravitational waves possibly coupled with 
electromagnetic waves, has been extensively studied JjJ-^J]. Because gravity is always attrac- 
tive, it was expected that focusing of the waves would occur and one of the interesting ques- 
tions is how much focusing does general relativity predict. Within this framework, strong 
focusing would appear by the development of spacetime curvature singularities. Many solu- 
tions has been presented so far, describing the collisions of plane-fronted gravitational and 
electromagnetic waves. And quite a few of them do develop Cauchy horizons. 

The spacetimes describing the interaction region produced after the collision of plane 
gravitational waves contain two spacelike Killing vectors and there exist several generat- 
ing techniques to obtain solutions with these symmetries. All the techniques developed 
for stationary axysimmetric spacetimes can be applied to generate cylindrically symmetric 
spacetimes, in particular, colliding plane waves. 

On the other hand, if one gauges the afhne group and additionally allows for a metric 
g, then one ends up with the metric-affme gauge theory of gravity (MAG) ||. The four- 
dimensional afhne group A (4, R) is the semidirect product of the translation group R and 
the linear group GL(4, R) = R + eg) [T<E SL(A , R)] . This spacetime encompasses two different 
post-Riemannian structures: the nonmetricity one-form Q a p = Qi a p dx l and the torsion 
two-form T a = ^T^dx 1 A dxK In the Yang-Mills fashion, gauge Lagrangians quadratic in 
curvature, torsion, and nonmetricity are considered. One way to investigate the potentialities 
of such models is to look for exact solutions. 

The search for exact solutions within MAG has been pioneered by Tresguerres ||[7] 
and by Tucker and Wang ||. With propagating nonmetricity Q a/ 3, two types of charge are 
expected to arise: One dilation charge related by Noether procedure to the trace Q := Q 7 7 /4 
of the nonmetricity, called the Weyl covector Q = Qidx 1 . It is the connection associated 
with gauging R + instead of U(l) for the Maxwell potential A = Aidx 1 . Nine types of shear 
charge related to the remaining traceless piece & a/3 := Q a p — Q g a p of the nonmetricity. 
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Under the local Lorentz group, the nonmetricity can be decomposed into four irreducible 
pieces ^Q a 0, with I = 1,2, 3, 4. The Weyl covector is linked to ^Q a p = Q 9a/3- 

The following natural step in these lines is to elucidate the behavior of interacting plane 
waves. Of particular relevance is the head-on collision of two plane waves, i.e. the colliding 
wave problem. It is assumed that in the corresponding spacetime, the two waves approach 
each other, from opposite sides, in flat Minkowski background; after the collision, a new 
gravitational field evolves, which satisfies certain continuity conditions. The plane waves are 
equipped with five symmetries, while the geometry resulting after the collision possesses two 
spacelike Killing vectors. The main pruporse of this paper is to generalize the formulation 
of the colliding waves to MAG theories and to present an example of such kind of solutions. 
We will take advantage of the fact that certain MAG models can be reduced to an effective 
Einstein-Proca system Macias et al. fllO |, and Socorro et al. mapped the Einstein- 
Maxwell sector of the dilaton-gravity coming from low energy string theory, to MAG, thus, 
finding soliton and multipole solutions. 

The plan of the paper is as follows: In Sec. 2 the quadratic MAG Lagrangian is revisited. 
In Sec. 3 the generalization of the colliding waves concept to MAG is developed. In Sec. 4 
a colliding wave solution in MAG is presented. In Sec. 5 the results are discussed. 



II. QUADRATIC MAG LAGRANGIAN 



In a metric-affine spacetime, the curvature has eleven irreducible pieces, see ||, Table 4. 
If in addition we recall that the nonmetricity has four and the torsion three irreducible pieces, 
then a general quadratic Lagrangian in MAG reads: 



Vmag 



-a R aP A VaP - 2A 77 + T a A * (j2 <*/ (/) ^) 

- \ K# A * ( £ wj + %) . 

z \i=i i=i ) 



(2.1) 
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In the above, the Minkowsi metric is o a p = diag( — h ++), r\ '■= *1 is the volume four-form 
and the constants a , ■ • • a 3 , 61, • • • 64, c 2 , c 3 , c 4 , Wi, ■ • ■ Wq, z±, ■ ■ ■ z 5 are dimensionless. In the 
curvature square term we have introduced the irreducible pieces of the antisymmetric part 
W a p := R[ a /3] and the symmetric part Z a p := R( a /3) of the curvature two-form. Again, in Z a /3, 
we meet a purely post-Riemannian part. The segmental curvature ^Z a/3 := R^ g a p/A = 
g a pdQ has formally a similar structure as the electromagnetic field strength F = dA. 

Let us recall the three general field equations of MAG, see f| Eqs.(5.5.3)-(5.5.5). Because 
of its redundancy, we omit the zeroth field equation with its gauge momentum M al3 . The 
first and the second field equations read 



DH a — E a — S a , 



(2.2) 
(2.3) 



where S Q and A a p are the canonical energy-momentum and hypermomentum current three- 
forms associated with matter. We will consider the vacuum case with E„ 



A^ 



0. 



The left hand sides of (pT2) — (2.3) involve the gravitational gauge field momenta two-forms 
H a and H a p (gravitational "excitations"). We find them, together with M af3 , by partial 



differentiation of the Lagrangian ( 2.1 

OVmag 



M af) :-- 



dQ a f 



*(j2y i] Q a ^ 



+c 2 A + c 3 $ {a A < 2) T« + i(c3 - c 4 ) g al3 *T 



dVuAG 

dT a 



1 

K 



\I=1 



\I=2 



H c 



OVuAG ClO a , . ja ? a 

— 77 /3 + VV p + Z j3 , 



ORJ 2k 
where we introduced the abbreviations 



(2.4) 
(2.5) 
(2.6) 



(2.7) 



Finally, the three-forms E a and E a p describe the canonical energy-momentum and 
hypermomentum currents of the gauge fields themselves. One can write them as follows || : 



E a = e a \V M AG + (e Q jT^) A Hp + (e«J V) A H % + \{e a \Q M )M^ , (2.8) 
E a j3 = -$ a A Hp- M a p , (2.9) 

where e a \ denotes the interior product with the frame. 

III. COLLIDING WAVES IN MAG 

This work, as was stated previously, is concerned with fields interpretable as colliding 
wave solution. With this goal in mind, we extend the definition of vacuum colliding waves, 



defined by Ernst et al. [ 12 1 to MAG theories. 



The set of colliding waves solutions in metric-affine gravity is described by the metric 

g = 2g(u,v) du dv + g a b(u,v)dx a dx b , a, 6 = 1,2, (3.1) 

which only depends on the advanced and retarded time u := t — z and v := t + z, respectively. 
The domain of the coordinate charts consists of (x,y) G R 2 and (u,v) G R 2 ; it is the union 
of four continuous regions: I := {(u, v) : < u < 1, < v < 1} , II := {(u, v) : u < 0, < 
v < 1}, III := {(u,v) : <u < l,v < 0}, IV := {(u,v) : u < 0,v < 0}, see Fig.l. 

As for the torsion and nonmetricity field configurations, we concentrate on the simplest 
non-trivial case with shear. According to its irreducible decomposition (see the Appendix 
B of [0), the nonmetricity contains two covector pieces, namely ^Q a p = Q g a p, the dilation 
piece, and 

(3) Q Q/3 = I (#( a ep)\A - \g a pA) , with A := ^e^ a p , (3.2) 
a proper shear piece. Accordingly, our ansatz for the nonmetricity reads 

Q aP = m Q aP + (4) Q a/3 . (3.3) 

The torsion, in addition to its tensor piece, encompasses a covector and an axial covector 
piece. Let us choose only the covector piece as non-vanishing: 
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T a = {2) T a = - A T , with T := e a \T a . (3.4) 

Thus we are left with the three non-trivial one-forms Q, A, and T. We shall assume that 
this triplet of one-forms share the spacetime symmetries, i.e. they depend on the variables 
u and v only. The metric and the triplet fields have to be continuous over the whole domain. 
In the region IV, a subregion of the Minkowski space, it is required that 

g^(u,v) = 9tMl/ (0,0), Q = Q , A = A , T = T , (3.5) 

which by scale transformations can be brought to standard Minkowski metric and vanishing 
constants. In region II, the metric components and the triplet of one-forms depends only on 
v, i.e. g^ v = ^(0, v), Q = (0,t>),A = A(0,t>), and T = T(0,t>). In region III these fields are 
functions of the coordinate u, i.e. g^ u = g^(u, 0), Q — (u, 0), A = A(u, 0), and T = T(u, 0). 
In region I, which is occupied by the scattered null fields, the metric components and the 
triplet are functions of both u and v coordinates. 

The metric, the torsion and the nonmetricity fields in region II and III depend only on 
one variable, i.e. u and v, respectively. Each of these regions is equipped with five Killing 
vectors related with the metric. Moreover, the conformal Weyl tensor part corresponding to 
the Riemannian part possesses a quadrupole null eigendirection being covariantly constant. 
These two properties are characteristic of ppN waves. In region II, we have a pp wave, 
depending only on v, propagating to the right, while in region III the pp wave, depending 
on u, propagates to the left. Both waves collide at the event u — v — 0, and from this 
event arises the interaction region I. In our case the torsion and nonmetricity depend in the 
various regions considered in the same way on u and v as the metric. Therefore, our situation 
describe also torsional and nonmetricity waves which propagate along null directions in 
regions II and III and collide in region I. 

The following ansatz turns to be compatible with the above considerations, 

Q = k o p(u,v)0 i = ^A=^T. (3.6) 

K\ K2 
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Here we introduced a second function p(u, v) which has to be determined by the field equa- 
tions of MAG. 

If we take the trace of the zeroth Bianchi identity 

DQap = 2Z a/ 3 , (3.7) 

it merely consists of one irreducible piece 2dQ = ZJ = ^> Z^ 1 . Consequently, Q serves as 
a potential for ^ Z 7 7 in the same way as A for F = dA. In addition, the third part of ( p.7|) 
reads (3) {DQ af3 ) = 2®Z aP , where 

^Z aP = 1 (# {a A e^\5 - ^g a p5} , with 5 : = ^ a A e?]?^ . (3.8) 

The similarity in structure of (|3T2| ) and ( |3.8|) is apparent. Indeed, provided torsion carries 
only a covector piece, see ( |3.4| ), we find 

5 = - dA , (3.9) 
6 

i.e. ^Q a f3 acts as a potential for ^Z a p. 

In this way, the problem is reduced to know the metric (coframe) and the fuction p. Thus, 
the most general form of our fields compatible with colliding wave spacetime structure is 
given by [T3,H|: 



p = p(u, v), C* abcd = 2^> U ab U cd + 2^ 2 (U ab V cd + V ab U cd + W ab W cd ) + 2^±V ab V cd , region I, 
p = p{v) , C* bcd = 2^ U ab U cd , region II , 

p = p(u), Cl bcd = 2^ A V ab V cd} region III, (3.10) 

where C* bcd is the conformal Weyl tensor corresponding to the Riemannian part of the 
curvature tensor, and with 

W ab = m a m b - m b m a - kj b + k b l a , 
Vab = k a m b - k b m a , 

U ab = ~l a fh b + l b m a . (3.11) 

where m a , m b , k a and l a are null tetrads. In the next section we present an example of these 
kind of exact solutions. 
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IV. COLLIDING WAVE SOLUTION IN MAG 



Let us consider a MAG solution in the interaction region I, i.e. the region arising after 
the collision of the waves. The coframe in the coordinates (u, v, x, y) reads: 

du dv\ 



tf 1 



v U V / 
' du dv s 



$ = (dx + j 2 (uv - UV) 2 dy 



if 



UV) {j dx + ([nm + a(uV - vU)} 2 + j 2 ) dy} 



with two unknown functions Ti(u,v),A(u,v). Consequently, the metric is given by 
g { i) = 4E + i Uuv - UV) 2 [jdx + (j 2 + [/cm + a(uV - vU)] 2 ) dy 



+ A 



dx + j 2 (uv - UV) 2 dy 



where 



(4.1) 



(4.2) 



U :-- 
S = 



Vl-u 



V := y/l-v 2 
[a (uV - vU) + nm} 2 + j 2 (uV + vU) 2 



2 2 -2 2 

m k — j — q 1 



A = d 2 {uv + UVf 



(4.3) 



The nonmetricity and the torsion read as follows: 



Q 



,p a(uV — vU) + Km 



(i) 



k 2 N a{uV - vU) + Km ^ a ^ ^ 



k No al3 + kiN U( a e®\ - i o al3 



i) 1 



(4.4) 
(4.5) 



3 % /EA 

Here j, m, q± and N are arbitrary integration constants, and the coefficients ko,ki, k 2 in the 



ansatz (|3.6|) are determined by the dimensionless coupling constants of the Lagrangian: 
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/,'u = ( y - a ) (86 3 + a ) - 3(c 3 + a ) 2 



fci = -9 



c'o I y - «o ) + (c 3 + a )(c 4 + a ) 



^2 = - [3a (c 3 + cio) + (863 + ao)(c 4 + a )] . 



(4.6) 
(4.7) 
(4.8) 



A rather weak condition, which must be imposed on these coefficients, prescribes a value for 
the coupling constant 64, namely 

a k + 2c 4 fc 2 



8k 

and the following relation for 



with k := 3ko — k\ + 2&2 



(4.9) 



2 (W) s 



2a 







(4.10) 



Our solution can be extended to the full spacetime by introducing the Heaviside step 
function 

1, u > 
0, u < 



Q(u) 



with 2 (w) = 6(w), and replacing [/ — > J 1 — ©(-u)'u 2 and 
Then in region II the coframe reduces to 

dv\ 



(4.11) 



1 - 0(w)t» 2 , cf. [|T5|. 



$° = VZ [du- 



V / 



^ = V^ ydu + — ^ 
tf = ^(dx + j 2 (l-v 2 ) dy) 
$ = Vl — v 2 jj dx + (nm — dv) 2 + j 2 dy} , 

and the corresponding metric is given by 

jdx + [j 2 + (urn — dv) 2 ]dy 



(4.12) 



,_, dudv 1 , , 

9 «"» = 4E 7r=^ + s |J " 



+ af 



dx + j 2 (l — v 2 )dy 



(4.13) 



where 
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E = (nm — av) 2 + j 2 v 2 



, A = c?(l-v 2 ), 



(4.14) 



which represents a plane wave solution (in the sense of Petrov classification, a type N solution 



njJT3j). The nonmetricity and the torsion in this region can be written as follows: 



Q 



Km — av 



a/3 



k N o a/3 + - k x N ( $ a e®\ - - o al3 
9 V J 4 



if 



rpa 



k 2 N Km — av n „ A , 
1? A i? . 



3 

In region III we arrive at the coframe 



#0 

V 2 
rf 



-(dx + j 2 (l <r) <llj) 



— Vl — v? I j '• dx + (m + aw) 2 + j 2 dyj 



and the metric takes the following form: 

„ dudv 1 / 

s < in » = 4E 7r^ + E( 1 -"' 



jdx + [j 2 + («;m + au) 2 }dy 



+ a' 



dx + j 2 (l — u 2 )dy 



where 



(4.15) 
(4.16) 



(4.17) 



(4.18) 



£ = (/cm + au) 2 + j 2 u 2 



A = a 2 (l-u 2 



(4.19) 



The nonmetricity and the torsion are now given by 
Km + au 



Q 



a/3 
(III) 



1 (III) 



VTA 

Km + aw 



k N o a/3 + ~hN ( & a e p) \ - ~ a 



a/3 



l) 2 



$ a A 2 . 



(4.20) 
(4.21) 



3 v^A 

Here and in region II, k , kx, and k 2 still satisfy ( |4.6|) , fl4.7|) and (|4.8|). It is easy to see that 



this is also a wave solution. 
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Finally, in the flat region IV 



S (du — dv) 
E (du + dv) 
' ^ (dx + j 2 dy) 



{jdx + [(km) 2 + j 2 ] dy} 



9 (TV) — ^ 2 du dv + 



1 



j da; + [j 2 + (Km) 2 ]dy 



(nm) 2 

which is always reducible to the flat Minkowski form. 



+ a z 



dx + j 2 dy 



(4.22) 
(4.23) 



This solution was checked with Reduce [16|] with its Excalc package [17] for treating 
exterior differential forms |18| and the Reduce-based GRG computer algebra system [JTQj . 



The way of derivation of this solution is related to the search of a class of cylindrically 
symetric solutions in MAG, starting with the line element 

ds2 = A {w) " W)) + ? (rfr + md rf + ^ dT + M{p)d rf ' (4 ' 24) 

with A := M — N. Assuming first that P and Q are polynomials up to fourth degree 
on p and q, respectively, second M and iV are polynomials up to second degree also on p 
and q, and third the torsion and nonmetricity are proportional rational functions, then one 
arrives at algebraic equations, solvable by computer algebra programs, for the polynomials 
coefficients. It is always possible to introduce the u and v coordinates through p = uV + v V, 



q = uV — vlf, U = vl — u 2 , and V = Vl — v 2 . However, only certain solutions satisfy the 
requirement of Ernst colliding waves (compare ref. 12 and section 3). 



V. DISCUSSION 

As it has been pointed out, the solution presented describes the scattering of two non- 
collinear polarized gravitation plane waves. At the leading edge of each colliding type-N 
gravitational wave, the curvature tensor exhibits a jump discontinuity arising, for example, 
from the second derivative (-U 2 )" = u 2 S'(u) + 4u5(u) + 2<d(u). The former is interpreted 
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as a gravitational impulsive wave, whereas the latter is attributed to a gravitational shock 
wave. 

As far as the nonmetricity and torsion are concerned, if they are considered as funda- 
mental quantities then they behave as continuous functions when crossing different regions; 
if they were considered as secondary quantities defined by means of derivatives of more 
fundamental functions, then they could present delta singularities and jump discontinu- 



ities. However, even then the Bianchi identities hold in a distributional sense, see ||15|| . In 
particular, also DT a = R^ a A ^ holds. There are no problems on the right-hand side be- 
cause the delta type singularities of the curvature are multiplied by the smooth distributions 



1 — Q(u)u 2 and Jl — 0(t>)t> 2 , respectively. 
So far it is not quite clear, if this special MAG model has problems with redundant 
variables. In the case of restricted Poincare gauge models (without nonmetricity), a similar 
reduction (induced via a double duality ansatz) was based on the teleparallelism equivalence, 
see Baekler et al. Ref. p3l. However, it was shown by Lenzen |[22||, and later confirmed in 



Ref. |23| that then necessarily free functions occur in exact torsion solutions. (The tentavive 
gauge fixing approach suggested there as a way out met considerable criticism.) Thus for the 
so-called "viable" set there exist infinite many exact vacuum solutions which may indicate a 
physically problematic degeneracy of those models. Recent reports to rescue the initial value 



problem in PG theory by Hecht et al. |2]J and the Refs. therein, seem not to be conclusive. 

The related situation for MAG is not yet resolved, since again a teleparallelism type 
relation, see (5.9.16) of Ref. H, seems to be crucial for the equivalence proof of MAG 
with the Einstein-Proca Lagrangian. Already earlier, within the framework of the Poincare 
gauge theory (PG) of gravity, the post-Newtonian generation of gravitational radiation in 
one parameter teleparallelism type T 2 models were studied by Schweizer et al. |[20|| . In a 
first order approximation no deviation from Einstein's GR was found; also, as a bonus, the 
dipole gravitational radiation of other alternative theories is absent here. 

More recently, plane wave solutions of GR are generalized to R + R 2 + T 2 models by 
Zhytnikov [pq| . (Note here the possibility of notational confusion, since Q is there used for 

13 



torsion.) Our present paper is an extension of this work in two different directions: First we 
extend to models with nonmetricity Q a p including the Weyl covector Q and, secondly, also 
colliding waves exhibiting shock fronts are considered. 
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FIGURES 




FIG. 1. The four regions of the spacetime: Region IV where the waves propagate is flat. The 
impulsive gravitational waves propagate along the null boundaries v = and u = 0, separating 
regions II and IV, and III and IV, respectively. In region II, observers see the shower of pure grav- 
itational radiation following the wave front propagating along v = 0. Symmetrical consideration 
apply in region III. The collision occurs at (0,0) and the interaction is described by region I. 
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